A brief description of the stability problem in micro and nano electromechanical devices (MEMS/NEMS) actuated by Casimir forces is given. To enhance the stability, we propose the use of curved surfaces and recalculate the stability conditions by means of the proximity force approximation. The use of curved surfaces changes the bifurcation point, and the radius of curvature becomes a control parameter, allowing a rescaling of the elastic restitution constant and/or of the typical dimensions of the device.
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Institute of Physics ⌽ DEUTSCHE PHYSIKALISCHE GESELLSCHAFT Figure 1 . Geometry and coordinate system of the parallel plate configuration. The spring of elastic constant κ represents a restoring force in a MEMS/NEMS device.
[27]- [32] . Another effect that will be ignored is surface roughness. Its effect in micro devices has been studied by Palazantzas [33, 34] .
Basic zero-temperature calculations
To set our notation and formulation, we briefly describe the usual Casimir force calculation via the Lifshitz formula [27] . For the canonical system depicted in figure 1, two parallel plates labelled i = 1, 2 are characterized by their thickness d i and dielectric function i (ω). The plates are separated a distance L = L 0 − z, in our coordinate system. Define the wave vector q = ω/c = k 2 + Q 2 , where k is the wave vector component perpendicular to the surface and Q corresponds to the component parallel to the surface. The Lifshitz formula is given by [27] F =h c 2π 2
where
In these expressions, the factors r p,s are the reflectivities for either p or s polarized light. When the reflectivities are replaced by the Fresnel coefficients, the original Lifshitz formula for half-spaces is recovered. Casimir's result for ideal conductors is obtained when |r p | = |r s | = 1 for both plates, this is
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Theoretical description of the pull-in dynamics
The description of pull-in in simple mass-spring models is well established [13] . In this section, we present only the main results. The pull-in occurs when the attractive force overcomes the elastic force and no steady states positions of the movable plate exist. To be more specific, let the actuating force that depends on the separation of the plates be of the form
n with n a positive integer and α a constant. The equation of motion of the plate is
The previous equation can be written as
where the normalized quantities v = z/L 0 and τ = t √ κ/m have been used, and the parameter λ is defined as
is a bifurcation parameter that physically represents the ratio of the minimum value of the actuating force when there is no deflection of the spring to the maximum possible elastic force when the plates are in contact.
Depending on the values of λ, there are several possible solutions of equation (4). The plate will oscillate, will reach a steady state or will collapse into the second plate when there are no steady state solutions of equation (4) possible. For the Casimir force case, this is clearly shown in the energy curves for different values of λ in the paper by Serry et al [20] . We are interested in the values of λ for which no steady states exist.
Setting the left-hand side of equation (4) equal to zero, we can solve for the parameter λ as
The plot of equation (6) gives the bifurcation diagram, as shown in figure 2 for different values of n. As λ increases the separation between the plates decreases, recalling that v = 1 means that the plates are in contact, until there is a fold at a value of λ = λ p . All the points of the lower branch represent the equilibrium position reached by the moving plate for a particular value of λ. At λ p the pull-in occurs the moving plate is at a position v p . At any point in the upper branch the plates jump to contact. For example, take the curve for n = 4. At λ = 0.04, there are two possible values of v. In the lower branch v = 0.04 and it is a steady state solution. At this point, the elastic force equals the attractive force. For the upper branch, we have a value of v = 0.46. At this position, the plate jumps to contact. From figure 2, we see that the bifurcation curves change with the value of n and the fold is at (v p , λ p ) = (1/(n + 1), λ p ). Changing the bifurcation diagram, allows a wider range of steady state positions. Take for example the value of v = 0.22. For n = 4, the plates will collapse. However, this same value of v is in a steady state position for the curves n = 2, 3. Thus, the travel range of the moving plate is extended. From the definition of λ, we see that it is inversely proportional to the spring constant. Extending the possible values of λ for which we have steady states can allow a reduction in the spring constant in a given experiment.
Curved surfaces in MEMS
In this section, we study the effect of introducing curved surfaces in the simple mass-spring system as shown in figure 3 , when the device is actuated by a Casimir force. From the practical point of view, one problem is to extend the travel range of the moving plate beyond v p for a particular value of λ. While for an electrostatically actuated device there have been some attempts to do this [38] , the case of Casimir actuated MEMS/NEMS has received little attention. Although one can select the parameters of the system so as to avoid the pull-in, in many applications this can be difficult to achieve, as in the case of Casimir force experiments. The distance between the sphere and plane are fixed and the force is determined by measuring the deflection of the plate. The distance is reduced, and the measurement repeated. Eventually a separation L 0 is reached such that for the corresponding value of λ the system collapses. The softer the spring constant, the deflection of a cantilever or torsional balances can be measured more precisely. The caveat is that it is not possible to make measurements at small separations without the jump-to-contact. Previously [26] , we showed that one way of changing the bifurcation point is working with 6
Institute of Physics ⌽ DEUTSCHE PHYSIKALISCHE GESELLSCHAFT Figure 3 . The simple-lumped system representing the plate-sphere geometry used in our calculation of stability.
different materials. The value of λ p changes with the plasma frequency of different metals, assuming they are described by a Drude-like dielectric function, the damping parameter plays a minor role in the overall behaviour of the system. For poor conductors, the strength of the Casimir force is smaller and the system is less prompt to jump-to-contact for a given value of λ. Now we consider the effect of curvature. This can be done using the proximity theorem, or proximity force approximation (PFA) that has been used in most experimental set-ups [5] - [7] . The PFA states that the force between two curved surfaces of radius of curvature R 1 and R 2 is proportional to the free energy between the parallel plates, being the constant of proportionality π times the harmonic mean of the radii of curvature [39, 40] .
Without loss of generality consider again the type of force used in equation (4). This force is derived from a free energy f = −∂E/∂z, where
Thus, the force between a plane and a sphere according to the PFA is
The equilibrium equation now takes the form where we have used equation (8) with α = Ahcπ 2 /240. Since we want to compare with the parallel plate case, we introduce the definition of λ given by equation (5), and the equilibrium equation becomes
If the area of the plate is of the order of R 2 , we finally have
whereR = R/L 0 . In figure 4 , we show the bifurcation diagram again for the parallel plates and for the sphere-plate system for different values ofR. The bifurcation point λ p is shifted just by increasing the radius. The pull-in point of equation (11) is v = 1/4; this corresponds to a maximum value of
Indirectly, proximity allows us to vary the magnitude of the force, by means of geometry without having to change the materials. As in figure 2 , what can be achieved is to extend the range of possible values of λ for which steady state solutions exists. In this example, we considered the plate-sphere problem but the results hold if we had two curved surface. In this case, the radius R in equation (8) is the harmonic mean of the radii of curvature of the two surfaces. Then we have two control parameters R 1 and R 2 .
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Conclusions
In this study, we give a brief introduction to the problem of MEMS and NEMS actuated by Casimir forces, with particular emphasis on the problem of the pull-in instability. To control this instability, we consider the use of curved surfaces, calculating the force by means of the proximity force approximation. The only caveat is that the PFA can be applied only if the radius of curvature is larger than the plate-sphere separation. This approach introduces the radius of the sphere as a control parameter. In this study, we were interested in the effect of using curved surfaces and assumed in the calculations perfect conductivity of the materials. However, the dielectric properties can be incorporated in the calculations and effectively constitute another control parameter for the stability of the system.
